(a) Is it true that exactly n − 1 numbers among q k are multiplicatively independent? (b) Is the index (U S ∧ U S : λ(A(W S ))) finite? Equivalently, are the free ranks of both groups equal?
We remark that a positive answer to problem (a) in fact answers problem (b) affirmatively. Browkin claimed that the answer to problem (a) is positive when p ≤ 47 or p = 101.
Let G be the subgroup of Q * generated by the binomial coefficients 
. We see that exactly n − 1 numbers among q k are multiplicatively independent if and only if the rank of G is n − 1.
In this paper, we prove the following theorem, which means that the answers to the two problems mentioned above are positive. has the form
In order to prove that the rank of G is exactly n − 1, we only need to prove the following assertion:
There exist integers e k1 , . . . , e kk with e kk = 0 such that 2
The case n = 1, i.e., p n = 2, is trivial. Now suppose that p = p n is an odd prime. First let us prove that the assertion is true for k = 1, i.e., 2 e 11 ∈ G for some e 11 ∈ Z with e 11 = 0. Notice that each of a i is a positive integer less than p, so there exist i and j with i < j such that a i = a j . Thus
Set e 11 = m i+1 + · · · + m j . Then e 11 > 0 and 2 e 11 ∈ G. So the assertion is true for k = 1.
Next let us prove that the assertion is true for k = 2, i.e., 2 e 21 3 e 22 ∈ G for some e 21 , e 22 ∈ Z with e 22 = 0.
where m 1 ∈ Z and 3 m 1 is the highest power of 3 less than p. Then p/3 < a 1 Notice that each of a i is a positive integer less than p, so there exist i and j with i < j such that a i = a j . Thus
Then e 22 > 0 and 2 e 21 3 e 22 ∈ G. So the assertion is true for k = 2. Finally, let us prove that the assertion is true for 3 ≤ k ≤ n − 1, i.e., there exist integers e k1 , . . . , e kk with e kk = 0 such that 2
In general, we define a i and b i by induction on i:
Since each of a i is a positive integer less than p, there exist i and j with i < j such that a i = a j . Thus
and
Notice that n i+1 ≥ 1, hence ∈ G and e kk > 0. So the assertion is true for 3 ≤ k ≤ n − 1.
This completes the proof.
